I. INTRODUCTION
Precision calculations of energies of the X-ray emission lines and the related isotope shifts in heavy atomic systems are required by experiments [1] [2] [3] [4] [5] [6] . The most accurate to-date theoretical and experimental values of X-ray K-,L-,M-transition energies were tabulated in Ref. [6] and have been used in the NIST database [7] . As to the isotope shift in heavy neutral atoms, first measurements of the isotope shifts in X-ray Kα 1 lines for neutral uranium isotopes have been performed by Brockmeier and co-authors [8] and for molybdenum isotopes by Sumbaev an Mezentsev [9] . In Ref. [10] , the experimental and theoretical study of the isotope shifts in X-ray L lines in neutral uranium was carried out. The isotope shifts of atomic X-ray K lines in mercury (Hg) were measured for different pairs of isotopes in Ref. [11] .
From the theoretical side, the binding energies in many-electron atoms can be calculated very accurately using the multiconfiguration Dirac-Fock method (MCDF) [6, [12] [13] [14] or configuration-interaction Dirac-Fock-Sturm (CI-DFS) method [15, 16] . But, as shown in Ref. [6] , the MCDF method is not efficient enough for calculations of the inner-shell hole states. So, to take into account the correlation and Auger shift corrections to X-ray lines, in Refs. [6, 12] the relativistic many-body perturbation theory (RMBPT) was employed.
We note also that in Ref. [6] the quantum electrodynamics (QED) corrections have been determined using Welton's approximation.
In the present paper we use the assumption that the center of gravity of the X-ray emission line in heavy atoms can be calculated as the difference of the averages of nonrelativistic valence configurations with the different vacancies in the inner shells. This approximation is used in the Dirac-Fock and CI-DFS calculations in this work. In this approach the energy is averaged over all atomic terms of the nonrelativistic valence configuration. The idea of the nonrelativistic configurational average ("LS-average") in the relativistic Dirac-Fock calculations was proposed in [17, 18] . The validity of this approximation is demonstrated by our calculations of the binding energies of X-ray lines.
To calculate the Auger shifts we use the RMBPT method but, in contrast to Ref. [6] , in the Brillouin-Wigner form. The obtained non-QED results are combined with the corresponding QED contributions, which have been evaluated by including the model Lamb-shift operator into the Dirac-Coulomb-Breit Hamiltonian [19] [20] [21] . As the result, the most pre-cise theoretical predictions for the energies and isotope shifts of X-ray K and L lines are presented.
The atomic units ( = m = e = 1) are used throughout the paper.
II. METHOD OF CALCULATION
In order to calculate the X-ray transition energies we use the following three-step largescale CI-DFS method [15, 16] . At the first step, to obtain the one-electron wave functions for the occupied atomic shells, we use the Dirac-Fock method [22] with the average of nonrelativistic configuration. Then the DFS orbitals are obtained by solving the DFS equations for the vacant shells. At the last step, the relativistic CI+MBPT method is used to obtain the many-electron wave functions and the total energies.
Average of nonrelativistic configuration. "LS-average"
To evaluate the transition energies with vacancies in the inner shells we use the CI-DFS method in the approximation of the average of nonrelativistic configuration (for more details, see, the Ref. [23] ). The choice of this approach for the case of an atom with open shells is caused by the following reason. The expression for the energy in one-configuration Dirac-Fock method for atoms with open nonrelativistic shells does not converge to the corresponding non-relativistic expression if the speed of light tends to infinity. In other words, the one-configuration Dirac-Fock method corresponds to the jj-scheme of coupling, which in its pure form is almost never realized in neutral atoms with open valence shells, and does not lead to the LS-coupling scheme (Russell-Saunders coupling) in the nonrelativistic limit.
To remedy this shortcoming, it is necessary to consider the interaction of the relativistic configurations that correspond to the same nonrelativistic one. This corresponds to the intermediate type of coupling or the approximation of the barycenter of the nonrelativistic configuration.
The X-ray emission line widths of heavy atoms are so large that they can exceed the value of the multiplet splitting of the atomic valence levels. In this case, to calculate the position of the center of gravity (or maximum) of the X-ray line observed in the experiment, it is sufficient to calculate the transition energies and isotope shifts in the nonrelativistic configuration average approximation.
The idea of the configuration average in the case of nonrelativistic Hartree-Fock method was treated in detail by Slater [24] . The formalism can easily be extended to include also the average of several relativistic configurations [18] corresponding to the same nonrelativistic one in the Dirac-Fock calculations. This configurational averaging technique was named as nonrelativistic "LS-average".
Let the nonrelativistic shells are enumerated by indices A and B which incorporate the quantum numbers n a l a and n b l b , respectively, and the relativistic shells are numbered by indices a and b. In the approximation of the barycenter of nonrelativistic configuration the expression for the Dirac-Fock energy is given by
where q A is the number of electrons (occupation number) in the nonrelativistic shell A, q a is the average occupation number of the relativistic subshell a,
I a is the one-electron diagonal matrix element of the Dirac operatorĥ D , which is independent of the projection µ,
and
The detailed formulas for the Dirac-Fock energy in the approximation of the average of nonrelativistic configuration are given in Appendix.
CI-DFS method with average of nonrelativistic configuration
To take into account the electron correlations the large-scale configuration-interaction (CI) method in the basis of four-component Dirac-Fock-Sturm (DFS) orbitals ϕ a is used.
These orbitals are obtained by solving the Dirac-Fock-Sturm equations [15, 16] . Various excited configurations are obtained from the main configuration by single and double excitations of "active" electrons. According to the method of group functions [25] , the wave functions are presented in the form of an antisymmetric product of the wave functions of two groups of electrons. The first one is the group of "active" electrons, while the second one is the group of "frozen" electrons. In the formulation of our problem the "active" are the core electrons, and the "frozen" are the valence electrons. The interaction with the valence electrons is taken into account by the introduction of a single-particle potential, which is the sum of the Coulomb and exchange potentials. The Coulomb and exchange potentials of the valence electrons are constructed in the standard way using the first order reduced density matrix taken in the approximation of the average of nonrelativistic valence configuration,
where the summation runs over indices of the valence electrons and q a is defined by Eq. (2).
QED corrections
In this paper we approximate the QED potential by the following sum
where V SE is so-called model self-energy operator, V Uehl and V WK are the Uehling and
Wichmann-Kroll parts of the vacuum polarization, respectively. Both V Uehl and V WK are local potentials. The Uehling potential can be evaluated by a direct numerical integration of the well-known formula [26] or, more easily, by using the approximate formulas from
Ref. [27] . A direct numerical evaluation of the Wichmann-Kroll potential V WK is rather complicated. For the purpose of the present work, it is sufficient to use the approximate formulas for this potential from Ref. [28] .
Following Refs. [19, 20] we represent the one-electron SE operator as the sum of local V SE loc and nonlocal V nl parts,
where the nonlocal potential is given in a separable form,
Here φ i are so-called projector functions. The choice of these functions is described in details in Ref. [19] . The constants B ik are chosen so that the matrix elements of the model operator V SE ik calculated with hydrogenlike wave functions ψ i are equal to the matrix elements Q ik of the exact SE operator Σ(ε) [29] :
Introducing two matrices, ∆Q ik = Q ik − ψ i |V SE loc |ψ k and D ik = φ i |ψ k , we find that
The local part of the SE potential was taken in a simple form [19] ,
where the constant A κ is chosen to reproduce the SE shift for the lowest energy level at the given κ in the corresponding H-like ion and λ C = /(mc). The computation code based on this method is presented in Ref. [20] .
III. ENERGIES OF X-RAY EMISSION LINES
In Table I , the natural widths taken from Ref. [30] are compared with the widths of the multiplet splitting for X-ray lines in uranium. The multiplet splitting arises if the atom contains open valence shells. When a core electron vacancy is created, an unpaired electron in the core can couple with electrons the in outer shells. This creates a number of states which can be seen in photoelectron spectrum as a multi-peak envelope.
The comparison of the widths gives an indication of the right application of the approximation of the barycenter of nonrelativistic configuration. It is expected that the approximation of the barycenter configuration is applicable in the case when the natural linewidth is bigger than or at least comparable to the multiplet splitting magnitude. The data in Table I demonstrate that the required conditions are fulfill. The results of the calculations of the Kα lines for uranium, xenon, and mercury and the L lines for uranium are presented in Tables   II, III , IV, and V, respectively. The calculations have been performed using the Dirac-Fock method [22] in the approximation of the barycenter of nonrelativistic configuration (1) including the Breit, electron correlation, QED, and nuclear recoil (mass shift) contributions. The nuclear charge distribution was taken into account within the Fermi model with the root-mean-square nuclear radii taken from Ref. [31, 32] . The QED contributions are evaluated by including the model Lamb-shift operator into the Dirac-Coulomb-Breit Hamiltonian [19] .
The nuclear recoil effect is calculated within the Breit approximation using the relativistic nuclear recoil Hamiltonian [15, [33] [34] [35] [36] ,
The uncertainties of the total values of the X-ray lines in Tables II, III, IV, V are mainly due to the correlation and Auger shift contributions which depend on the way of the calculations.
The results of these calculations are unstable within 1 eV, so the conservative estimates of the uncertainty of the order of 2-3 eV are used. In case of uranium atom, the nuclear polarization and deformation corrections were taken from Refs. [37] [38] [39] and [31] , respectively.
The uncertainty of 50% was assumed for these corrections. For 136 Xe and 204 Hg atoms the nuclear polarization and deformation corrections are negligible [40] . a Corrected according to Refs. [37] [38] [39] . b Corrected for the updated value of the nuclear polarization.
IV. ISOTOPE SHIFTS OF X-RAY LINES IN NEUTRAL URANIUM AND MER-CURY
Isotope shifts of atomic systems give a useful tool for determination of the nuclear charge radius differences (see, e.g., Refs. [4, 31, [42] [43] [44] and references therein). For the last years a significant progress was gained in calculations of the isotope shifts in highly charged ions [13, 15, [45] [46] [47] [48] . Here, with the methods developed for highly charged ions, we calculate the isotope shifts of the X-ray lines in neutral atoms. As is known, the isotope shifts of the energy levels are mainly determined by the finite nuclear size (field shift) and nuclear recoil (mass shift).
The field shift is caused by the difference in the nuclear charge distribution of the isotopes.
The main contribution to the field shift can be calculated in the framework of the DiracCoulomb-Breit Hamiltonian. The nuclear charge distribution is usually approximated by the spherically-symmetric Fermi model:
where the parameter a is generally fixed to be a = 2.3/(4ln3) fm and the parameters N and c are determined using the given value of the root-mean-square nuclear charge radius R = r 2 1/2 and the normalization condition: drρ(r, R) = 1. The potential induced by ρ(r, R) is defined as
where r > = max(r, r ′ ). This potential is used in the Dirac-Coulomb-Breit Hamiltonian to obtain the relativistic wave functions. The related isotope shifts are evaluated by the formula:
where δV N (r, R) = V N (r, R + δR) − V N (r, R) and δR is the difference of the rms radii for the isotopes under consideration. In Tables VI and VII as the X-ray line energies. The QED corrections are determined employing the approach presented in Ref. [47] . Namely, this was done by multiplying the s-state QED correction factor taken from Refs. [49, 50] with the nuclear size effect on the total transition energy.
The obtained theoretical results are compared with the related experimental data from
Ref. [8] . We note that the Kα lines were indistinguishable in those experiments and, therefore, the Kα 1 and Kα 2 transition values taken from Ref. [8] are assumed to be the same. The theoretical uncertainty is estimated as a doubled quadratic sum of the an uncertainty due to unknown nuclear polarization and deformation effects and a half of the QED contribution.
In accordance with the results of Ref. [47] , we have assumed that the uncertainty caused by uncalculated nuclear polarization and deformation effects should be on the level of 1 % of the corresponding field shift contribution. Table VIII In Table IX the individual contributions to the total isotope shifts for the Kα lines in 204, 202 Hg are presented. It can be seen that the total theoretical results are in good agreement with the experimental ones [11] . The total values of the isotope shifts for different pairs of mercury isotopes are selected in Table X . The main theoretical uncertainty comes from the nuclear polarization contribution. It is worth noting that for all isotopes of mercury the theoretical predictions agree with the experimental ones [11] .
V. CONCLUSION
In this paper we have evaluated the energies and the isotope shifts of the X-ray lines in neutral atoms using configuration-interaction method in the Dirac-Fock-Sturm basis in ap- 
, and
First we consider the relativistic average configuration (jj-average). In this approximation the energy is expressed as [51] 
where q a and q b are the numbers of electrons in the shells a and b, I a is the one-electron radial integral [51] , and ,ja
Where Γ k ja,j b are the coefficients introduced in Ref. [51] ,
The procedure of the relativistic configurational average is meaningful only when the jjcoupling dominates, that obviously is not true for most of neutral atoms. Furthermore, the use of the pure jj-coupling scheme leads to a wrong nonrelativistic limit. 
where the parameters q a , w a , and ω AB are defined as
Here q A is the total number of electrons in the nonrelativistic shell A = n a l a .
The expression (A4) can be rewritten in the same form as the nonrelativistic expression for the energy in the Hartree-Fock method [52] , 
where F k (A, B) and G k (A, B) are effective mean values of the radial integrals defined as for k > 0.
In the nonrelativistic limit, the integrals F k (A, B) and G k (A, B) tend to the corresponding nonrelativistic radial integrals defined in the nonrelativistic Hartree-Fock method [52] . 
